Microemuilsions in the three-phase regime
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Using a simple Landau free energy we determine the shape of the three-phase regime of a ternary
mixture of water, oil, and tenside (microemulsion) in the space of concentrations and temperature
X, y, 7. The boundaries at x = 0 (equal water and oil) and y = 1 (fixed tenside) are in excellent
agreement with recent data of Kahlweit ez al. and Shinoda et al. We also find satisfactory
agreement for the temperature behavior of fluctuation phenomena such as the intensity of

scattered light and the interfacial tensions.

Since the work of Griffith and Widom,' it has been
known that the three-phase separation observed when add-
ing salt to a ternary mixture of oil, water, and a tenside hap-
pens near a tricritical point. This point can be reached by
changing pressures or the chemical composition of the con-
stituents.” The addition of salt can efficiently be replaced by
temperature.” Then the connodal triangle of the coexisting
phases may be pictured as moving up and down in a prisma
with the height corresponding to the temperature 7. At
some upper and lower values 7, and T}, the triangles degen-
erate into lines (see Fig. 1) whose one end is critical. These
ends mark the end points of critical lines of the two-phase
regimes of the binary systems oil-tenside and oil-water, re-
spectively.

Griffith proposed to describe such a system by a Landau
free energy

Joor =a1x 4 ax* + ax® — x* 4 x6, (1)
where x is an order parameter related to the oil in water
concentration by, say, c,,, = cg,, + ax while x* gives the ten-
side concentation ¢y = ¢% + bx2 [The freedom of rescaling
x and x* has been used to bring the last two terms
ax* + aex®to the form — x* + x°. The parameter a, mea-
sures the distance from the tricritical point, say a,<(p—p,)
Thus, in the normalization (1), the energy and the order pa-
rameters x and y = x” are measured in units of a,/a?, Ja,/a,,
a,/ag, respectively.] In the a,,a,,a, space, there are surfaces
of two-phase coexistence which intersect in a line of three-
phase coexistence.! We propose to parametrize this line as a
function of some reduced temperature 7 or salinity by the
Ansatz

Joor = H(4x° —3x + 12 — &7

=x°— x* + x> + gx — . (2)
This can be written as
Soor = (% — X, *x — xPx — x,)2, (3)
where x, , ; are the roots of the cubic equation
4 —-3x4+7=0 (4)
satisfying
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X1+ X+ x3=0, XX, + 303 + X%, = —},

XX X3 = — 7. (5)
Equation (4) can be solved by setting x = cos @ and using the
well-known identity

—4cos’a+3cosa+ cos(3a)=0
to find, with ¥ = arc cos 7  €(#,0) for re( — 1,1):

x, = —cos[{y +27)] €(1,4),
X, = — cos{ly) g—-4L-1), (6)
Xy= —cos[{(—v+2m)] e€(—4i).

The points (x,,y;) with p; = x? form the triangles of coexis-
tence in the x, y plane (symmetric to the y axis for-7 = 0) (see
Fig. 2). Algebraically, it is easier to parametrize the triangles
as a function of x,. By letting x, vary from 1/2 to1, we can
calculate 7 from Eq. (4) and x,, x; from Eq. (5),

xo=—ix[1+1+7/x]] e-1,-),
x= =i [1-T+7/x]] et —)

It is now easy to find the boundary of the three phase regime.
First we take the symmetric cut at x = 0 (cut A in Fig. 3).
The inner boundary y, is given by the intercept of the x = 0
line with the side lines 23 or 31 of the triangle, depending on
the sign of x;:
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FIG. 1. The prisma in which to picture the phase diagram of a ternary sys-
tem as a function of temperature. The triangles mark the coexisting phases -
(after Ref. 3, their Fig. 5).
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FIG. 2. The calculated boundaries of the three-phase regime within the
prisma where x, y are the concentrations oil/water and tenside/(water
+ oil), respectively, and 7 is the temperature, in reduced units.
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for x,50. (8a)

Similarly, we find for the outer boundary

X\ X3 — X%
Yo = e X X3 (8b)
X — X,
If we do not cut symmetrically but along a fixed value x#0
(cut A’ in Fig. 3) the intercepts are

Yi= — X%+ x(x,, + x3) forx;sx,

9

Yo= —x1X, + x(x, +x,) forx,<x<x,.

The resulting curves are shown in Fig. 2(b). If we take the
x = Ocurveand scale its height vs length ratio appropriately,
it fits precisely the data points obtained in Ref. 2 (see Fig. 4).

Let us calculate also the phase boundaries along a hori-
zontal cut at fixed y (cut Cin fig. 3). The left- and right-hand
boundaries are

FIG. 3. The different cuts along which the data are conveniently taken.
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FIG. 4. Comparison of the calculated x = 0 cut of the three-phase regime
with experiment of Ref. 2. The dashed curves through the tail ends are
drawn to guide the eye.
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FIG. 5. Comparison of the calculated y = 1 curve with the data of Shinoda
et al. (Ref. 4).
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FIG. 6. The inverse curvature of the energy (3) at the three minima which
determine the strength of the long-wavelength correlation of the order pa-
rameter x ( = concentration) and thus the scattering of light as well as relax-
ation times.
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FIG. 7. Comparison of our curve for I, with the experimental data of Ref. 5
(their Fig. 4).
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FIG. 8. The path taken by the solutions of the field equation (15) which yield
the interfacial tension.

The curves (x,,y,),(x,,y,) for r€( — 1,1) are plotted in Fig.
2(c). Figure 5 shows that the 7 = 0 cut (C in Fig. 3) compares
well with the experimental data of Shinoda et al.*

For a further comparison with experimental data let us
now study fluctuations around the three minima by adding a
gradient energy and postulating the local energy density

J=YBx(T) + for (x(r)), (11)
where x is now a function of the space variables r and the
length scale has been normalized to unity. Then the long-

wavelength correlation functions in momentum space are
given by the inverse curvatures at the three minima

x(Rx(K)) |1 0 = (3 o (%1,23)) " (12)
Since

1 g () = [(x — x1)x — x;)* + (23) + (31)]

+ 12x(x — x,)lx — x,)(x — x3),

we find the inverse curvatures in the minima/ = 1,2, 3tobe
(x; — x;)(x; — x,* (ifk = cyclic). They are observable via
the intensities J; of scattered light (or the relaxation time t,).
In the middle phase we find
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FIG. 9. The interfacial tension as a function of .
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Is“(xa“xx)2(x3 —x;)" % (13)
In the oil and water rich phases, on the other hand, we
have
I, x(x, — X)) 7%, — xs)-zr
' (14)
Ioc(xy — %) 7 x, — x,) 72

as obtained by Kaufmann, Bardhan, and Griffiths.’ Due to
Eq. (5) the intensities satisfy the sum rules

1411 =0
IFV24 172172y (e, x3a,/a).

For 7= — 1( + 1), the middle and the water rich (oil rich)
phases become critical and the intensities I,,1,(I5,1,) diverge.
Near the critical point, the ratio of the diverging intensities is
1+ 2(3)*%y1 —[7[. In Fig. 6 we have shown these curves
and in Fig. 7 we have compared the I; curve with experimen-
tal data of Pouchelon et al.’> Apart from a need for a slight
asymmetry correction, the agreement is excellent.

A further available set of experimental data concerns
the surface tension between the three phases within our free
energy (12). It is obtained by calculating the energy per area
of @ “‘domain wall solution” x,(z) of the field equation®

d?x,(z
D2 fraleale)

which connects the minimum at / to that at j (see Fig. 8).
Using the “constant of motion”

(15)
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FIG. 10. Comparison of the calculated interfacial with data of Pouchelon et

al. (Ref. 5). Some disagreement is due to the fact that the experimental sys-
tem is not completely symmetric under 7— — 7.

967

LB ot (16
we can integrate
om [ ]

- f jjdx ;; (‘Zx; )2 =2 L dx[fon a2 (17)

y 31
= F2| dxx—x)lx — x)lx —x,) for §= {23]

= - Z[A(x; —xj)— ix, +x; + xs)(x; —x))
+ 3x X, + x%3 + xs-"l)(xf — X7) — X1 X5%5(%; — X;)]
= -2 [i(x} - xlz) - s(sz - x?) + iT(xj - x.')] .
Eliminating 7 via (4) (}r = — y{x; + x]) + §(x; + x;)), this
becomes

. 31
Sy = Fix; —x, %, §= {23 ,

Sp1 =831 + S (18)
The curves plotted as a function of 7 in Fig. 9. A comparison
with experimental data of Pouchelon et al.” is shown in Fig.
10. Again there is need of a small asymmetry correction.
Otherwise the agreement is quite good.

In conclusion we see that the simple free energy (6) ex-
tended by a gradient term [Eq. (11)] is capable of explaining
the temperature behavior of the shape of the three-phase
coexistence regime, the size of the fluctuations in each phase,
and the interfacial tensions. It will be an important task to
relate the parameters of the free energy to the microscopic
properties of the system.
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