
Volume 130, number8,9 PHYSICSLETTERSA 25 July 1988

LATTICE DEFECT MODEL WITH TWO SUCCESSIVE MELTING TRANSITIONS ~
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A latticemodel is presentedfor therotationalstiffnessof molecularcrystals.In contrastto modelswith only linearelasticity,
dislocationsanddisclinations areindependent.If I is thelength scaleof thisstiffness,I showthatfor largeI, meltingproceedsvia
two Kosterlitz—Thoulesstransitions.For smaller1, thesemoveclosertogether,possiblychangingtheir character,until thereis
only onetransitionof firstorder.

1. Introduction of liquid crystallinematerial [11]. Since theKTHN
argumentsandtheabovelatticemodelsdonotapply
to thesesystems,it isworthwileto find amodelwhich

Fortwo-dimensionalmelting of atomicpoint lat- .

ticeatheKTHNY theory [1] predicts,undercertain is capable of describing such an experimental
assumptionon the core energiesof defects,the ex- situation.
istenceof two successiveextremelysmoothin phase
transitions.Thispredictionhasraisedcontroversies,
sincemoleculardynamicscalculationshavealways 2. Themodel
found a single sharptransition [2]. Whereverthis
did not happen[31,this couldbetracedbackto the We set up a lattice partition function which con-
existenceof a mixed intermediatephaseat constant tainsdefectsandtheir elastic interactionincluding
volume [4]. The samething wasobservedin lattice the strong gradient elastic energy ~~z1~[8,(81u2 —

modelsmadeto simulatethe interplayof disloca- 82u1)]
2=2~u12(ô

1w)
2(u

1~displacements).The pa-
tions and disclinationsinteractingvia lowest gra- rameterI characterizesthe length scaleoverwhich
dient elasticity [5]. They alwayshavea singlefirst thesystemis stiff withrespectto localrotations.Any
order transition [61 with an entropyjump persite crystalwith non-sphericalmoleculeswill havel� 0.
of M 0.2. Still, the theoreticalprejudicefor thetwo Dislocationsand disclinationsare introducedvia
transitions was so strong that they were distin- correspondingdiscreteplastic distortionsand the
guished[7] evenwhentherewasonly onetransition model partition functionreads
[81.A similarsituationholdsexperimentally.Atomic
monolayersalwaysshowa sharppeakin thespecific / ç
heat. For higher coverage,the transition may be- z= J~~ j d~i(x),,j{n,,(x~,(x)} exp( — flE), (1)
comecontinuous,but neveras smoothas required
by theKosterlitz—Thoulessarguments[9]. Two clear wherefl~a~/2~

2k~T,thevectorx runsovera square
successivetransitionshavebeenfoundonly in layers latticewith spacinga, and
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E= ~~ (V1y~,+ V~y1—4 ~ ~)2 dentallylost in two dimensions.)Theenergyhasnow
~‘ ‘J the form

+ ~ (~V,~1_2~n~) flE3= ~ (v~~
2-~ (~11—v ~)2)

212
+—~ ~ [V

1w—7t[2rn,+V,(n12—n21)]}
2. (2) a2 ] , (8)

a +~ (c’kh—�kIAf)2—27~~(AI1~,+h~)

The symbols V. are the lattice gradients
(V,f(x) ~f(x + i) —f(x)). Theplasticdistortionsn

0, where b~= ~kVJnk, — rn,, ø~ck,Vkrn, are the integer
rn, areinteger.The superscriptsdenotessymmetri- valueddislocationanddisclination densities.They
zation.The displacementvectorsu,(x) havebeen areproperlydefectgaugeinvariantunder(5), asthey
rescaledby a factor2it/a (i.e. y,~2itu1/a)so that should [13,14]. By integratingout the gaugefields
A are the usualelasticconstants, one finds the puredefectrepresentationof the par-

By a duality transformation,this partition func- tition function with an energy
tion becomes /3E4=flx4m

2( v+ 1) ~
x

212 (
{j ~ J dw Jdtu Jdtz) +flx4~2~~

a

x ~ ~[n,
7,m,]exp(—flE2), (3) +~[_~.v(l_.v)]’~}, (9)

a
2{n,j,ni,}

where where

~{![±( s2 Cfl~)+ ~2Ti] �,
1V1b~+~ (10)

— 4~\’~l+ /
is the defect density. A dual representationis ob-
tainedby summingthepartitionfunctionof (6) over

+ic7u(ViYi_~uw_21tnhi)+~ri(VIw_27tmi)} the defects.This forcesA, andh to becomeinteger

valued A, and h, leaving a generalizationof the
and~i’[n,~,rn] is a gaugefixing factor neededto re- rougheningmodel with
movethedegeneracywith respectto theintegerval-
ued local defectgaugetransformations[12] fiE5 ~ (VAi,)

2— !LJ’ (c~A)2

n,—~n,~+V
1N~—~M,rn—*rn1+V1M,

y1~y1+2~, w~w+2EM. (5) +~(Vkk_~k/Al)]. (11)

Integratingoutthe now independenty,, w, givesthe
stressconservationlaws,

3. Phasetransition
~ ~=~cr, (6)

(with cl1f(x) —f(x— i)). They areautomaticallyen- We now observethat the presentmodel givesnat-
forcedby introducingthestressgaugefieldsA, h and urally rise to two successivecontinuousphasetran-sition of the Kosterlitz—Thoulesstype if the new
setting

length scale /2 which characterizesthe rotational
= ~ ~ r, = ~~~‘1h—A1. (7) stiffnessof the systemis sufficiently large. Starting

point is thepartitionfunction (11) involving thein-
(Actually, A, h arepropergaugefields only in three tegervaluedstressgaugeA,, h.
dimensions,the gaugetransformationsbeing acci- Forverysmallfi, bothAandharesqueezedtozero.
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If!2 is very large,however,i.e. if the systemhasa flhAT(l+v)~O.815. (17)
largerotationalstiffness,thesqueezingof theE field This is the first order melting transitiondiscussed
isrelaxedandfollows theeffectivepartitionfunction extensivelyin refs. [5,61.Hereit arisessince,at small

1, the third termin (11) forcesthevectorfield 1k to
~ exp( a2— ~ (Va) 2). (12) be equalto AT — (k/V/k SO that the first two terms

becomethe laplacianrougheningmodel [131 with
This is an ordinary roughening model. It is known the associated discontinuous transition [6,8] in it,
to havea continuousphasetransition of the Kos- the fields h andAT becomesimultaneouslyrough.
terlitz—Thoulesstype if /3= Ph satisfies For /1 far abovethis transition,the effectivepar-

tition function is
4I3hI2/a2~2/7t. (13)

For/3 oforder unity, theprefactora2/8fl12is sosmall z= ~ exp(— 8pl2 ~ (~‘~k—(k/Al) ) . (18)
that the discretenessof k becomesirrelevant.It is k, Ai}

thena goodapproximationto integrateoverk as if It lookslike a Villain modelinwhich kplaystherole
it were a continuousvariable.By decomposing of thephaseangleand(k/Al thatofthejumpnumber

~ (~‘h” (k/Al) n,. Thereis, however,an importantdifference:Eare
integernumbers.A dualitytransformationshowsthat

= ~ {~[k— (v.c’)—’~,
1V1Ai,] (14) Z is equivalent to a sum

~ exp(_2fl~4~2~b~(x)) (19)
{5(x)} ~ a

we see that the energy separates into the squares of Since kare integer, there is no constraint ~‘,b1(x)= 0.
longitudinal and transverse parts so that, after the For this reson there is no phase transition. If kin (18)
k integration, the partition function becomes had been a continousvariable, the ensuing con-
effectively straint ~‘1b1(x)=0 would haveled to a Kosterlitz—

~ exp[ — ~ (—~-—~,~~ Thouless transition at
PA~l/32~t1, (20)

11 — v in which the A fields proliferate.
-~ A,( —V1~~)A

— 2 1 + v In fig. 2 we haveillustrated the propertiesof the

two phasesarisingfor smallI. Thesequenceof tran-
+ ~j2A1(— V•V) -‘ ( — VI~J)A~)]. (15) sitions canalsobe studiedin the defectrepresenta-

tionof thepartitionfunction involving (9). Forlarge
At infinite 1, the lasttermcanbe ignoredandwere- 1, the disclinations~ are frozenoutandonly thedis-
main with a discretegaussianvectorfield theory.For locationscanbe excited.For v = 1, the effectiveac-
v = 1 (incompressiblematerial)thetwo components tion is
decoupleandthereis obviouslya phasetransitionof
the Kosterlitz—Thoulesstype at z= ~ exp(— 2/3

{b(x)}

2/JA~2/7t. (16)
In the defect version of thepartitionfunctionwe shall x4~

2~ ~(x)( — ~‘ V) 1b~(x)). (21)
see the same universality class to prevail also for
p < 1. Thetransitionsat large l are displayedgraph- This is the partition function of two independent
ically in fig. 1. Coulomb gaseswith a Kosterlitz—Thoulesstransi-

In theoppositelimit of smallI, thesystemhasonly tion at
a singlefirst ordertransitionat

(22)
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k~o, A1~0 ~�0, b~o
Ph~a

2/P-~
KT

T - T

k�O A,~0 9~0, b~0

PA~l-’
KT for i’ = 1

k�0, A~o ~0, b~o

roughening defect
picture picture

Fig. 1. Schematiccharacterizationof thethreephasesfor largeI. The left-handsideindicatesthefield configurationsin theroughening
representations(11) (n~0 smooth,~ rough),theright-handsideindicatesthedefectexcitationsasdeducedfromthedefectrepresen-
tationof thepartitionfunction (9).

k~o,A,~0 ~o, b~�o
Ph,AT~l~ — ~fl6~l

first order transition
T k�o, A

1~—(,3V~k�0 ~o, ~�o T

—fl~a
2/P

no transition

k�o, A
1~0 ~o, b~o

roughening defect
picture picture

Fig.2. At smallI, thereis only asinglefirst-ordermeltingtransitionat$~1 whereh roughensorthedefects~ proliferatein abackground
ofrandomb, asfields.

which is to be identified with the rougheningtran- It representsa Coulombgaswith a Kosterlitz—Thou-
sition of thek field in (16).For v ~ 1, the long-range less transitionat
forcesbetweenthe dislocationsare modified by a 4fl9!

2/a2~2/~. (24)
factor [2+ (1 + v)]/4 (seeeq. (9)) which enterson
theleft-handsideof (22).Forfinite /, the longitudal This is the defect versionof the rougheningtransi-
modeis massiveanddoesnotcontributeto the crit- tions (13). Seeagainfig. 1 fora characterizationof
ical limit, so the factorbecomes(1 + V ) /4. the phases.

For small fl~a2 /12 the effective partition function Consider now the defectpictureat small!. For /3
is of order unity, the ~ and ~‘Ib~terms in (9) can be

dropped and the effective partition function is( ~exp(_fl

{,7(x)}

(23) X4~2(l+v)~(x)(_VY2~(x)). (25)
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This hasa first-orderphasetransitionat 4. Conclusion

/3(l+v)~0.815 (26)
‘1 The modelpresentedin this papershowsthat the

correspondingto (17) which is again the melting rotational stiffnessfound in two-dimensionalcrys-
transitionof the lowestgradientmodelfoundin ref. talswith largemoleculescangive rise to two suc-
6]. Anotherphasetransitionmight havebeenex- cessivedefect generatedphasetransitionsof the

pectedat large fl—j 1/!, in which ~ is frozento zero Kosterlitz—Thoulesstype.Themodelis hopedto ex-
sothat ~ is equalto — (k/VkEl. Thesecondandthird plain the meltingphenomenafoundin layersof liq-
termin (9) canbe combinedandgive an effective uid crystals.It shouldbe noted,however,that such
partition function layershavea further degreeof freedom,the out of

/ 12 plane modulations,which havebeenignoredin all
~ exp(~— 2/3 ~ 4j~2~ b~(x)) (27) studies,includingthepresentone.Theymaywell add

{ff,(x)~ a X a further transition [14,15], or modify the others.

just asin (19), with no phasetransition,due to the
absenceof the constraint~/

1b1(x)=0 anda would-be
transitionat Acknowledgement

/

3b= l/32id2. (28) The author thanks Dr. W. Janke for useful
discussion.

The characteristicsof the two phasesas seenfrom
the defectpoint of view are shownin fig. 2.
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