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Abstract
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1 Introduction

The global topology of space-time may have effects upon the local properties
of the universe such as energy density and pressure of all fluctuating fields.
Consider, for example, three possible topologically distinct Friedmann uni-
verses, closed, open flat and open hyperbolic. In contrast to the open flat
and hyperbolic universes, the closed universe has a finite size and possess
a discrete spectrum of matter and radiation fluctuations. As a result, its
partition function contains an additional term, a difference between a spec-
tral sum and an integral, which can be determined by the Euler-Maclaurin
formula. In a flat space-time, such differences arise from the energy spec-
trum of electromagnetic waves between two conducting plates and give rise
to an attraction known as the Casimir effect [1] discussed extensively in the
literature (see the reviews in [2-3]).

An important quantum effect in a closed Friedmann universe is that of
particle creation [4-6]. It is a dynamic effect and depends sensitively on the
speed of evolution. This will be ignored here assuming the evolution to be
sufficiently slow, to get pure finite-size effects (see e.g. [7,8]).

The purpose of this note is to calculate the finite-size properties of matter
and radiation fuctuations in a closed universe. The difference between a field
energy in the infinite and finite universe will be called Casimir energy of that
field.

Until now, Casimir energies have been investigated only for zero tem-
perature [3-6, 9, 10] (vacuum case). In this paper we shall derive it for
any temperature. Although it is clear that in the systems with an entropy
s >> 1, as in our universe, the finite-size corrections should be negligible
small and no Casimir effect is observable. This will be seen explicitly from
the high-temperature limit formulas obtained in our paper.

For the description of both fluctuating matter and radiation we consider



generically a free massive scalar field with an arbitrary coupling to the gravity.
If the mass is set equal to zero the result can be applied to fluctuating
radiation. The free energy of the scalar field is obtained by performing the
functional integral over the Fourier components of free field [11,12]. In the
static universe, there is no problem to do this since the oscillator frequencies
are time independent.

The regularization of the infinite sums is performed using various stan-
dard methods existing in the literature [13-17,3-5]. The expressions for the
energy density and the pressure follow from the free energy by the thermo-
dynamic rules.

Multidimensional cosmology is an important example, where static space
calculation of the Casimir effect can be applied since models with one or more
static compact inner spaces represent an interesting class of the solutions with
spontaneous compactification [18]. The vacuum Casimir energy in this case
may have a considerably effect on the evolution of an external universe we live
in. Finite-temperature Casimir effect takes place if there is thermalization

in compactified dimensions.

2 Free scalar field in a slowly evolving

Robertson- Walker-Friedmann universe

The action of a real scalar field on the background of an arbitrary gravita-
tional field is [5,6]

1
S = [P algl 2 |5 Dupthe — V(o) 2.)

with the signature of the D + 1-dimensional space-time metric g, being

— + +...+. For a massive scalar field the most general harmonic potential
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where R is the scalar curvature of a spacetime, m is a mass of scalar field
¢ and ¢ is the coupling constant. A free particle has & = 0 [12]. Without
additional work we treat here the general case of arbitrary £. The value
¢ = (D —1)/4D makes the massless scalar action conformally invariant.
We choose a Robertson-Walker-Friedmann (RWF) universe as a back-
ground and assume that it evolves so slowly that it can be assumed to be
static for the purpose of our calculation. Later in Appendix B we shall specify
precisely the condition under which the slowness assumption is valid. Thus,

the metric is taken to be
ds® = g datds” = —dt* + a*dl? (2.3)

where a is scale factor and di? is the metric of a D-dimensional space of
constant curvature. The space dimensionality treated in this paper will be

D = 3 with the geometry given by
di* = yopda®da’ = dr® + f2(r)(d6* + sin’® 0dp?) (2.4)

where f(r) can be sinr, r, sinh r for the different spaces of constant curvature
with x = +1,0, —1, respectively. The Casimir effect takes place only for
X = +1. (There are also special types of the Ricci-flat spaces (x = 0)
and the spaces of the negative constant curvature (xy = —1) which have
the limited volume. It is clear that the Casimir effect takes place for these
geometries also.) The static universe with positive x is also called Finstein
universe. There is, of course, no problem in generalizing the results to the

case of arbitrary D.



The free energy of the system with the temperature kg7 = 1/ is
F=—kgTnhZz (2.5)
where the partition function Z may be defined by the formula

Z = /Dcpe_se (2.6)

where S°¢ is the euclidean action obtained from the Lorentzian one (2.1) by
the substitution ¢ — —i7. The functional integral is performed over all fields
 which are periodic in the imaginary time 7 with period h(3. For the static

metric (2.3) with the spatial part (2.4), the action reads

1 1
50 = 5 Ao PO + 5 0up) 00 + M, (2)

where we have introduced the effective mass
(2.8)

To calculate the path integral (2.6), we expand the scalar field ¢ in to the
cigenfunctions of the Laplace-Beltrami operator AY) [see formula (A.1) in
Appendix A]. Restricting our attention to the case of positive constant cur-

vature with y = +1, we take the eigenfunctions in the form

®;(x) = Qi (x) = I (r)Yim (0, 0), (2.9)

where Y,,(0, ¢) are the scalar spherical harmonics (see Appendix A). The

expansion is

XJ:[W(T)%(X) +ecl, (2.10)

p(z) =

N | —

The coefficient functions satisfy periodic boundary conditions:

@s(1=0)=p;(T=hp)=0. (2.11)

>



Substituting (2.10) into (2.7) and using the orthogonormality relations for

the spherical harmonics given in Appendix A we find the euclidean action
1 .
5 =55 [ drllgsl + el (2.12)
J

where the dot denotes the differentiation with respect to 7 and w? = M? +
(n? —1)/a?>,n = 1,2,3... are the eigenfrequencies. The decomposition has
reduced the functional integral for the partition function (2.6) to a product
of simple path integrals of harmonic oscillators. It is then easy to calculate

the total free energy [11,12]

_ hwn h
F=kgT> n’ln (1—6 kBT>+Zn2 ;"” (2.13)
the frequencies being
6 2 — 24 (66 -1
a a a

The multiplier n? in the sums has its origin in the degeneracy of the
eigenvalues in the isotropic spaces. The second term is the divergent zero-
point energy. In a realistic theory of the universe, the divergence must be
canceled by the presence of an equal number of Fermi fields whose masses
S m} have to satisfy, together with those of all Bose fields 3~ mZ, certain sum
rules (3; mi? = 3, mP?). When calculating the contribution of a single Bose
field only, the expression may be regularized by any standard method. This
will be done in the next section. In the case of an open universe with y =0
or —1, the sums in (2.13) are replaced by integrals [4,5] and the standard

regularization amounts to dropping the last integral [11].



3 The finite-size effects on the field fluctua-

tions

To perform the sum in the free energy (2.13) we rewrite the expression as

h
F = kBTzn:nz In [2 sinh 2;;%] (3.1)

and the frequency (2.14) as

2 .2
w2 =m?+ = . fe (3.2)

with the constant

n?=(1-68yx, x=L1 (3.3)

The parameter ¢ is usually assumed to lie in the interval [6] 0 < & < 2.
Thus, 0 < n. < 1 and n. = 0 for the conformal coupling (£ =1/6), n. =1
for the minimal coupling (¢ = 0).

Due to its simplicity, we first consider a massive scalar field with conformal
coupling (n. = 0). Then we have from (3.2)

2

2 2 I
wi=m"+ ok (3.4)
Using the dimensionless frequencies
02 = mPa® + n?, (3.5)
we rewrite the formula (3.1) as
<, .. ha,
F =kgT» n’ln|2sinh : (3.6)
= 20

with the reduced temperature parameter
O = kgT - a. (3.7)
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It measures the temperature in units of h/akp (using ¢ = 1). To isolate the

finite-size effects, we add and subtract the a — oo-limit and write
F=(F—-Fy,)+ Fy=Fis+ F. (3.8)
The a — oo-limit F

00 h
F, = kBT/ dnn?1In lQ sinh —g] (3.9)
0

is divergent. After a standard zeta function regularization (which makes

J5° dnn*@,, = 0) this becomes

F. k;T/Oodnn2ln 1—e mh 2+ '\
oco,ren — €X - T -
’ B 0 P k’BT e

/{;BT 1

5 /dmm[@@(( )+ e) 1]

The finite-size effects are contained in the finite sum-minus-integral expres-

F—kBT[ann< L ) /dnn ln< h@ﬂ. (3.11)

n=1
Here it is convenient to use the Abel-Plana summation formula [3-5, 19]

(3.10)

sion

L; £(n) —/0°° f(n)dn] - %f(0)+i 0°° Jf(iﬁ;j)(:iﬁdy, (3.12)

which is correct if f(v) is regular for Rev > 0 (on the imaginary axis, f(v)
may have poles and branch points which are passed during the integration
on the right, i.e., with Rev > 0). Then

~ fliv) = f(=iv)

Fis = kgTh
S lexp(2mv) — 1]

v (3.13)
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f(n) = n*In <2 sinh %\/m%z + n2> (3.14)

1+<2 h@>2<m2a2+n) }

The function f(n) has logarithmic branch points on the imaginary axis

{mn

1/2
with constant discontinuities starting at n = {mza2 + (271'])@/77/)2} ” for
p=0,1,2... . The integral (3.13) becomes therefore a sum

00 s 21pO\ 2 1
Fo = koT2r [~ dnn®>"'0 2—“—( )
f BLAT Jy o pz% o h exp(2mn) — 1
e} 00 1
— kpT2e S [ den?— 3.15
b szzo np " exp(2mn) — 1 (3.15)

where the integrals start at

1/2

n, = [m2a2 + (%;Z@ﬂ (3.16)

and the prime on the sum indicates that the term with p = 0 should be

counted with the weight 1/2. Going back from the momentum quantum
number n to “physical” wave vectors k = n/a we see that (3.15) corresponds
to a Planck distribution form with the effective temperature T.g = h/akp.
The appearance of such an effective temperature is typical for the Casimir
effect [10,3].

The total renormalized free energy is

x2dx

kT &
3.17
Z /27rnp er —1 ( )

2
47Tp0

a® (kgT)* AL
3 /0 (g_f})%r:c?[exp( (%)QjoQ)_l}.

9
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The internal energy density of the fluctuations is found from

1.1 0(BFwen)
P= VU 21243 0P

= P+ Poo,ren; (318>

where V' = 27243 is the volume of the closed RWF universe. Explicitly:

, 1/2
) (3.19)

i

L (kpT)t & P’ ((ﬁZT)Q +

Prs = 8m

1 (kD) /0°° v (3.20)

Pooren = S o5 3 .
272 h mh ) 2
esp /()" +02) -1

It is convenient to deduce from (3.18) - (3.20) the energy density in the high-
temperature limit kg7 >> h/a (©/h >> 1). It is clear that the main
contribution comes from the term p = 1.

To find the pressure of the fluctuation we use the formula

aFren 1 8Fren
P=—- = — = Py + P ren, 3.21
oV 672a2 Oa s+ P, ( )
where
mh 2 2 1/2
P 1 2 (]{ZBT) <mh )2 s ’ ((27rkBT) +p )
s = o 5 P ;
3 3 B kT — - "
P=0 exp (4 he (QMZT) +p2> 1
(3.22)
1 k; T xdx
Proren = B / .
672
V (28 + a2 leXp <\/ “t 902) - 11
(3.23)

10



In high-temperature limit © /4 > 1 we should keep the terms with p = 0, 1
n (3.22). They give the main contribution to P.

An alternative form

The formula (3.17) is not yet useful in the low-temperature limit © /h < 1.
For this purpose we use the Poisson summation formula [12-15] according to

which

[e.e] [e o]

> olp) =21 > c(27p) (3.24)

p=—00 p=—0<

if o(p) and ¢(p) are connected by the Fourier transform

1 +o0 .
cla) = %[m o(x)e " *dx. (3.25)
In our case
o 22dx
= 3.26
W= (3.26)

so we can rewrite the (3.15) as

T T
F kB _ kel "¢(2mp). (3.27)

2r 2=

The expression for ¢(0) is easily obtained

«(0) = /2?2 — (2mma)2xdw (3.28)

47T3 @ 2mma

and (3.28) is proportional to the free energy of the vacuum fluctuations Fis:

X yhw <, hw V22 — (2mma) Qxde
Sop2 / 2 g, /
— 2 0 27T 2rma

2 —1
(3.29)

11



where for the regularization F,; we use the Abel-Plana summation formula
(3.12). Eqn. (3.27) takes the form

kT &
Fr = Fp + f—ﬂ 3 e(27p), (3.30)
p=1

where for p # 0

-+

Tma et —1 Tan20

(3.31)

cla) = —

2 o sin (zy/2? — (2mma)?
[ (27rma)2] / ( )
2
Thus, the alternative expression for the total renormalized free energy is
Fren = Fis + Foo yen With Fi being defined by (3.30), (3.31).
This is the most convenient expression for dealing with the masless case
which will be done below. Being interested in the low-temperature limit, it

is preferable to find yet another representation of the same expression.
The low-temperature limit for non-zero mass

For m # 0, the integral (3.31) cannot be calculated exactly and it is more
easy to obtain the low-temperature limit for Fi, directly from the formula

(3.11), which can be written in the form

h,

©

Adding to this Fi ren We have in the low-temperature limit

b = 1S 1 o (222)] £,
1

Fi = k;BTZn2 In ll — exp (— )] + Fot — Foo ren- (3.32)
1

©
hi
~ —kpgT exp — 5 + I (3.33)
Substituting (3.33) into formula (3.18) we obtain
h & n3a,
P = ~ _'_pvf
270 ()

12



h(:)l hwl
WGXP < @ ) +pvf, (334)

where py; is the well-known expression for the energy density for the vacuum

fluctuations of the massive scalar field [3-6,9,10]:

V22 — (2mma) 2x2d:c
/ (3.35)
2Tma

r—1

Pvt =

For the pressure we have from (3.21) and (3.33)

P s n +P
= ~ o vf
O 5 G [exp (%) — 1]
h han
N o Py, 3.36
6m2a*i, P ( © ) i ( )
where
1 (ma)*h

Pvf:

(3.37)

3 247T2a4 /27rma /T 27Tmal J— 1

The integral in (3.37) is convergent one.
The massless case

The formulas obtained above are simplified considerably in the case of radi-
ation (m = 0). The formula (3.17) for F,., reads
2?dr o’ 7t

kT
ren - 47T2 Z [1,"2() er — 1 h3 45 (kBT) (338)

p=0

The energy density of the fluctuations is

o (kpT)* & P’ 7 (kgT)*
P Sexp (Z2) —1 0 30 1

p =8 (3.39)

The second term here is usual black-body energy density. The first term

contains the finite-size effects. In principle, it opens up the possibility to

13



obtain information on global topology of our universe by measuring the mi-
crowave radiation. Unfortunately, as it will be shown later, the corrections to
the black-body energy-density are exponentially small at the present moment
for the standard model of the hot Friedmann universe. If we demand the con-
stancy of the total energy carried by the fluctuations during the evolution of

the universe, i.e., p - a* = const [20], then we have from (3.39)
kgT - a = © = const. (3.40)

This is the usual relation between the temperature of the radiation and the
scale factor.

It is convenient to deduce from (3.39) the energy density in the high-
temperature limit kg7 > h/a, which in the present units amounts to

©/h > 1:

hoeV! O\  mh 6\
e —4 2—) —— (—) : A1
P 8ﬁa4<h) exp( " Jr30@4 h (341)
To find the pressure of the fluctuations we use the formula (3.21) and obtain
p
P== 42
4 (3.42)

where p is defined by formula (3.39). This is the usual equation of state for
radiation.

As was stressed above, the formulas of the type (3.39) are not yet useful in
the low-temperature limit © /A << 1. For this purpose we use the expression

(3.30) where in the massless case:

Py — Tiog (3.43)
and [15]
(a) = 1 X [1 + exp (—;“—h)} exp (—%) _ (4n%0)? (3.44)
T [1 — exp (_;_h)r’ a3h? '



The expression (3.43) is the well-known free energy of the vacuum fluctua-
tions of the massless scalar field in the closed Friedmann universe [3-6,9,10].

As a result we have the alternative formula for the free energy

1 h o 1 [1+exp(—%)|exp (-2
Fren:%__kBTZ_[ ( @)} , (3 @) (3.45)
a n=1" [1 — exp (—%)}
Then the low-temperature limit ©/h << 1 becomes simply
L h h
ren ~ k: T . .4
240q BT EP ( @) (3.46)

This could have been derived directly from (3.32), (3.33). Substituting (3.45)

into (3.18) we obtain the alternative form for the energy density

ho1 h 1 {1+4exp( )—l—exp( 2”5)}e p( ”h)/347)

P = Romtat 27T2a4z:: 1 exp (— 2]

which converges fast for low temperatures. It is easy to see from this formula
that the requirement of a constant total energy gives again the condition
(3.40) kgT - a = const. In the low-temperature limit kg7 << h/a we obtain
the approximation

h 1 h 1 h
o L 2. 48
p 4807T2a4+27r2a4 exp( @) (3.48)

For the pressure of the fluctuations we can get with the help of (3.21) the
equation of the state (3.42) where p is defined now by formula (3.47).

Non-conformal coupling

Let us consider finally the scalar field with an arbitrary coupling 0 < & < 1/6.
We study only the massless case, for simplicity. The generalization of the

formulas obtained to the case m # 0 is straightforward.

15



2

The frequency in this case is w; = (n

2 — n?)/a*® and after rotation in

complex n.-plain n. — v, is reduced to

v: on? n?
w? = ] + 5 = m?*(a) + = (3.49)
or
0 =a® wl=vl+n? (3.50)

where m(a) = v./a plays the role of the scalar field mass which depends
on the scale factor. Now we can use directly the formulas derived for the
massive scalar field with conformal coupling. At the end, we rotate v, back
to its proper imaginary value v, — —in,.
The expression for the non-regularized free energy takes the form
F =kgT i n?ln [2 sinh Lw

5 (3.51)

n=1

Performing the regularization similar to (3.6)-(3.15) we have finally

o0 > 2mpO\ 2 1
Fo = koT2r [~ don® >0 |n? 2—( )
! BLET pz% [n e h exp(2mn) — 1

o n*dn
= keTm(l+ 2pc)/0 exp(2mn) — 1

+kpT2m i /\;.W dnn? [exp(2mn) — 1] (3.52)

p=pct+1

where

= 5] (359

is the largest integer < hn./270). It is clear from the formulas (3.52), (3.53),

that p. can be treated as infrared cut-off.

16



The renormalized a — oo limit of (3.51) is

3 00 4d
Foo,ren - _%(k‘BT)Zl/ 3 T 3
0
\/ (%) + 22 lexp (\/ (%) + x2> — 1]
e TP

This is the usual black-body free energy, a result which was predictable since
the mass term m(a) tends to zero for @ — oo. Thus, Fi ren has the same
form for any coupling (.

The renormalized expression for the free energy can be found as the sum
Fren - Ffs + Foo,ren~ (355)

Then, with the help of the formulas (3.18) and (3.21), we obtain for the
energy density p

1/2
2 (.2 neh \ 2
p=38 o (kpT) & p (p - (2n®) ) 7% (kgT)* (3.56)
= o7 3 an 3 .
2 3
h p=pc+1 exp <47I’h® . p2 - (;;g)2> _ 1 0 h

For the pressure we find the usual equation of state for the radiation: P =
1/3p. The requirement of a constant total energy during the evolution of the
universe gives again the condition (3.40).

The formulas (3.52), (3.56) are useful to estimate the high-temperature
limit ©/h >> 1. The main contribution in the sums is given by the term
with p = p. + 1. The presence of the “mass” in this model does not permit
an exact calculation of the coefficients c¢(«) in (3.31). To obtain an estimate
in the low-temperature limit ©/h << 1, we write, by analogy with (3.33),

the expression for the Fje, in the form

00 Ao
Fren - kBT Z n2 In ll — €XpP <_ gn>] + FVf7 (357)
n=n*+1

17



where we introduced the infrared cut-off similar to (3.53): n* = [n] and

0, n.<1
n* = e 3.58
{ 1, n.=1. (3.58)

The energy Fi is the free energy of the vacuum fluctuations
\/x2+ (2mn, szdx 350
27r / (3:59)

The corresponding energy density is

/22 + (27n,)2xidx
/ (3.60)

Vf

Pt =

with the pressure satisfying P,y = %pvf. In the low-temperature limit © /h <<
1, we find

1 0 h(n* 4 1)%0" ha:
23 %(ﬁﬂen) ~ 531 il exp (—ﬁ) +po (3.61)

and the pressure satisfies once more the equation of state P = p/3. The

p:

requirement of a constant total energy p - a* = leads again to the condition
(3.40).

It is remarkable that the finite-size effects do not change this formula.
Application to our universe

It is interesting to estimate the value of the reduced temperature © for our
universe. If we assume that the standard model of the hot universe [20],
which most cosmologists believe describes the evolution of the now observable
universe, we take for the present state the value a ~ 12,48-10*’cm. Using the
temperature of the microwave radiation 7' ~ 2, 7°K, we find © /% ~ 1,5-10%.
Approximately the same sign of © is estimated for the relict neutrinos and

gravitons [20]. Thus, at the present state of the evolution, our universe

18



for these radiations is in high-temperature limit and the finite-size quantum
effects are certainly unobservable. This estimate of the reduced temperature
shows us that, in the standard model of the hot universe, it is impossible
to use formula (3.39) to answer the question about the global topology of
our universe on the basis of the observed microwave radiation. The static-
universe approximation was used in this paper to extract pure finite-size
effects. Asis shown in Appendix B, the slow-evolution approximation is good
at the present time for the standard model of the hot universe. Obviously,
the approximation breaks down for a — 0.

In conclusion, we stress that the finite temperature effects may become
relevant if the thermalization was achieved during radiation dominated era.
During the inflation and presumably also in the compactified dimensions
of a multidimensional universe, there is presumably no thermalization and

therefore no finite temperature Casimir effect.
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Appendix A: Scalar spherical harmonics

In this appendix we describe the main properties of the scalar harmonics on

the three-sphere S® with the metric (2.4). More detailed information about

their properties and eigenfunctions in the case of the hyperbolic and flat

3-spaces of constant curvature it is possible to find in the [5,6,12,21,22].
The Laplace-Beltrami operator for the metric (2.4) is

@ _ 1 0 ap 9
= V7 Oz <\/f_w oxP (A1)

and its eigenfunctions are the spherical harmonics ®
AYD, = —(n?—1)0, (A.2)

with collective index J = {n,l,m} where n =1,2,3,...;1 =0, ...,n —1;
|m| < 1. The functions ®; can be expressed in terms of the usual spherical

harmonics Y}, by the next way
(I)J = H?(T)Yzm(ev ¢), (A3)

where II}' are the “Fock” harmonics [25]

d"*1(cosnr)
n il
1} (r) = sin Td(cosr)(l“)' (A.4)
The orthonormality reaction is

[ &A@ ()80 (2) = 810 = St (A.5)
where ®% is the complex conjugation of ®; and ®% = (—1)"®; J =
{n,l,—m}. Note also the equality holds [5]

/ P /7700050 5 = (2 — 1)3,. (A.6)

The information given in this appendix about the spherical harmonics is all
that is needed to get (2.12).
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Appendix B: Stabilization of the Fried-

mann universe
In Chapters 2 and 3, the time evolution was assumed to be sufficiently slow to
justify the calculation of the Casimir effect in a static metric. The standard
model of the universe is not a static one [20]. The scale factor a is a time-
dependent function and the scalar field in the case of conformal coupling is
reduced to the harmonic oscillator with a time dependent frequency w(n)

[5,6]

W2(n) = ma®(n) + . (B.1)

where 7 is conformal time which is related to the synchronous time ¢ by the
formula adn = dt. The slow-evolution approximation is good if the adiabatic

parameter ¢ of the oscillators [5] satisfies the condition
§ = (1/w?)dw/dn = (m*a/w?)da/dn << 1. (B.2)

It is clear that in our present universe this parameter is extremely small.
As an estimate we obtain, for particles with electron mass m. in a typical
cosmological model [20] compatible with presend-day astronomical observa-
tions, the value § < 2-107%,

Static solutions are important also in multidimensional cosmology where
models with compact static inner spaces represent solutions with spontaneous

compactification [18].
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In this Appendix we show that the quantum fluctuations of scalar field
are capable of stabilizing the solutions of Einstein’s equations and yielding a
static universe. Thus, in this case, the initial assumption of a slowly evolving
universe becomes completely self-consistent.

The Einstein equations with a cosmological constant A in the case of the

RWF metric and in the presence of a perfect-fluid stress-energy tensor are

[20]
1 (da\’ x A 87
— == = 444 B.
a2<dt> 23Tl (B:3)
2 d%a 1 (da\’ X
-— = ——|—| - &% +A-8nP
a dt? a? (dt) a? + sk,

where p and P are density of mass-energy and pressure of the perfect fluid.

It is easy to see that by taking

p o= (3X—A), (B.4)

81 \ a2
P = i(A—l>,
8T a?

the universe can have a steady state. The parameters of the universe are

A = 4n(p+3P),

2 _ X
a® = I+ D) (B.5)

Inserting p and P from the earlier results, the equations can be solved self-
consistently.
It was shown in Chapter 3 that with the parameters of the standard

model of the universe the quantum fluctuations are at present time in the
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high-temperature limit and the Casimir effect gives an exponential small
correction to the energy density and pressure of the fluctuations. Thus, for
a quantitative estimate of p and P it is enough to take for the regularized

expression of (2.13) the formula (which is valid in all three cases x = 0,+1)

Fren - k:BT/ nzdn In (]_ — 6%)
38wn dn.

B.6
3 exp hw" —1 (B:6)

where w, is defined by (2.14). For the mass-energy density, we have in a

closed universe

1 0BFew) R /OO n*w,dn
o2r2a3 03 2n2a® Jo exp (’iwn) —1

It is not difficult to calculate P using formulas (3.21), (B.6) and the connec-
tion dw,, /0a = —(n/a)dw, /On:

p= (B.7)

h 00 nwﬂdn 1
b ey = g P (B5)
exp( T)

Consider two particular cases: high- and low-temperature limits, in which

p———"_
672a?

the temperature of the universe kg7 is much or much smaller than the mass
of scalar particles. Note through that the parameter © /h >> 1 in all cases.
. High-temperature limit: kg1 >> hm.

This is the limit of ultra-relativistic particles: wy ~ k = n/a where the
equation of state is P = £. For the energy density we get (in restored

dimension) from (B.7)

o(L) =5t (B.9)

cm3 30 hich
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in agreement with (3.41) (up to the exponentially small Casimir correction).

The standard model of the universe gives for the present state the esti-
mates [20] A < 107°%cm™? and a > 10®cm. From formulas (B.4) and (B.5)
we have p = 8% and a? = %% If we take now for p the expression (B.9) then
we obtain the parameters A ~ 107°%cm™2 and a ~ 10%®cm for T ~ 40°K.
Thus, if ultra-relativisitic particles exist at the present time in the thermody-
namical equilibrium state with the temperature T' ~ 40°K, they can stabilize
the universe. The temperature T' ~ 40°K gives the upper limit for the mass of
the particles to consider them as ultra-relativistic ones: m < 10~®m,, where
me is the electron mass. Such super-light particles are predicted in some
types of unified theories, supersymmetry and supergravity [23]. Of course,
this consideration is rather rough. We have shown here only the possibility
in principle of a stabilization of our universe.

II. Low-temperature limit: kgT << hm.

In this case wy &~ k?/2m + m and for the mass-energy density we have

5/2 3/2
) - ?n/27rmn46_kf;37 kgT N \/27rfml46_kf‘;37 kgT
872 hm 472 hm

P1 +p07 (BlO)

where p; is the kinetic energy density and py is the rest mass density and
p1 << po in this limit.

For the pressure we can get the relation P = (2/3)p; which coincides
with the equation of state for Fermi and Bose gases of elementary particles

[24]. As pp >> p1, P we can omit p; and P in the Einstein equations
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(B.4) and for the parameters of the static universe we get the formulas A =
47pg, a® = x/(4mpy) which for Y = +1 coincides with the formulas for the
Einstein universe in the matter dominated era. It is impossible to get from
formulas (B.10) and (B.5) the more or less real parameters of the observable
universe at present time. The point is that formula (B.10) relates to particles
(and antiparticles) which are in thermodynamical equilibrium state and their
energy density and number of particles (antiparticles) for kgT << hm is
exponentially small. The parameters of real universe under low temperatures
are defined by usual neutral matter which is not in equilibrium state already
[25].

If the scale parameter a is such that 6 << 1 we can use also the above
formulas for p and P change also. If a — a,, p — ps and P — P, where ay, p;
and Py are connected with each other by formulas (B.5), then the stabilization

of the universe near a, will take place. But this state is a metastable one

120].

References

[1] H.B.G. Casimir, Proc. K. Ned. Akad. Wet. 51, 793 (1948);
H.B.G. Casimir, Physica 19, 846 (1953).

[2] G. Plunien, B. Miiller and W. Greiner, Phys. Rep. C134, 87 (1986).

[3] V.M. Mostepanenko and N.N. Trunov, Sov. Phys. Usp. 31, 965 (1989)

and Casimir Effect and its Applications (Moscow: Energoatomizdat,

25



[11]

[12]

[13]

[14]

1990), in Russian.

S.G. Mamaev, V.M. Mostepanenko and A.A. Starobinsky, Sov. Phys.
JETP, 43, 825 (1976).

A.A. Grib, S.G. Mamaev and V.M. Mostepanenko, Quantum Effects in

Strong External Fields (Moscow: Atomizdat, 1980). In Russian.

N.D. Birrell and P.S.W. Davies, Quantum Fields in Curved Space, (Cam-
bridge: Cambridge University Press, 1982).

G. Cognola, K. Kirsten and S. Zerbini, Phys. Rev. D48, 790 (1993).
S. Bayin and M. Ozcan, Phys. Rev. D48, 2806 (1993).
L.H. Ford, Phys. Rev. D11, 3370 (1975).

S.G. Mamaev and V.M. Mostepanenko, in: Proceedings of the Third

Seminar on Quantum Gravity, World Scientific, Singapore, 1985, p. 462.

R.P. Feynman and A.R. Hibbs, Quantum Mechanics and Path Integrals
(McGraw-Hill, New York, 1965).

H. Kleinert, Path Integrals in Quantum Mechanics, Statistics, and Poly-
mer Physics (World Scientific, Singapore, 1990).

M. Fierz, Helv. Phys. Acta 33, 855 (1960).

J. Mehra, Physica 37, 145 (1967).

26



[15]

[16]

[17]

[18]

[19]

J. Schwinger, L.L. DeRaad and K.A. Milton, Annals of Physics 115, 1
(1978).

R. Balian and B. Duplantier, Annals of Physics 112, 165 (1978).

D. Lohiya in: Gravitation, Gauge Theories and the Farly Universe,

Kluwer Academic Publishers, Dordrecht, 1989, p. 315.

J. Scherk and J.H. Schwarz, Phys. Lett. B 82, 60 (1979); P. Candelas
and S. Weinberg, Nucl. Phys. B 237, 397 (1984).

A. Erdélyi et al (Eds.), Higher Transcendental Functions (California
Institute of Technology) H. Bateman MS Project, Vol. 1, McGraw-Hill,
New York (1953), (formula 1.9 (11)).

C.W. Misner, K.S. Throne and J.A. Wheeler, Gravitation (San Fran-

cisco: Freeman, 1973).

E.M. Lifshitz and .M. Khalatnikov, Adv. Phys. 12, 185(1963).
U.H. Gerlach and U.K. Sengupta, Phys. Rev. D18, 1773 (1978).
I. Kim, Phys. Rep. 150, 1 (1987).

L.D. Landau and E.M. Lifshitz, Statistical Physics (London-Paris: Perg-
amon Press, 1959).

Ya.B. Zel’dovich and I.D. Novikov, Relativistic Astrophysics, V.2: The
Structure and Evolution of the Universe (Chicago and London: The
University of Chicago Press, 1983).

27



