Volume 81A, number 2,3 PHYSICS LETTERS 12 January 1981

THERMAL EXPANSION AND BRAGG REFLEXES IN LATTICE TEXTURES
OF CHOLESTERIC LIQUID CRYSTALS

H. KLEINERT
Institut fiir Theorie der Elementarteilchen der Freien Universitit Berlin, D-1000 Berlin 33, Germany

Received 20 October 1980

A simple general sum rule is derived predicting the thermal expansion of lattice textures at decreasing temperatures by
relating it to the intensities of Bragg reflected light.

Recently, the investigation of Bragg reflexes in the blue phase of cholesteric liquid crystals [1] has beautifully
confirmed the presence of a bee lattice texture [2,3] between normal and cholesteric phases. In particular, the lat-
tice planes with Miller indices (n, 15, n3) = (110), (200), (220), (211) have well been stablished.

Apart from this, the data contain another important information: The wavelength of the reflected light increases
strongly with decreasing temperature corresponding to an expansion of the textural lattice.

-It is the purpose of this note to explain this phenomenon and to relate it quantitatively to the intensities and
polarizations of the different Bragg lines. It is intuitively obvious that lower temperatures render increased spectral
weight to the higher lines (200), (220), (211), etc.: As the order parameter increases, the nonlinear contributions
to the free energy become more and more important and higher harmonics are needed in a Fourier decomposition
of the order parameter. The texture “hardens”. We shall see: At the same time, the geometry of the lattice must
increase in order to satisfy a very general sum rule over the intensities. A second source of expansion derives from
the fact that in a spatially complicated texture the order parameter may contain all five helicities, m = 2, 1, 0
not just =2 and 0 as in the purely cholesteric phase. The associated loss in bending energy may be compensated
by gains in the nonlinear potential terms.

In order to see all this, let us recall the Landau expansion *! of the free energy in terms of the traceless symme-
tric order parameter Qup- 0 8=1,2,3,

F= J&x (310035 +5(3,005) +¢8,0,, 3500, ] = deqg, 045 9,055+ (\3/3D Qpy0p. 0. 5 + (Mg/41) @23
)
The coefficient a = —ay (1 — T/T™*) contains the strong temperature dependence of the system with the coherence
length £(T) =+/bja = §y/\/T/T* ~1 diverging at T*. The cholesteric phase arises from the parity violating d-term and
is characterized by a helical solution of length scale &, = b/d = 1/ky, which can be measured via the wavelength of
normally reflected circularly polarized light A = 4nky.
It is useful to introduce a dimensionless order parameter
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and to work with a reduced free energy

# See ref. [3] in ref. [3].
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where 7 is a reduced temperature with 7 + 2« measuring the deviation from T'*:

420 a VI
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The parameter o characterizes the cholesteric strength [3] of the system
4Nb 2 4AMND

3 8 g
The ratio of couplings 7\4b/7\§ can be deduced from the precocious onset of the nematic, & = 0, phase transition
which in the energy (3) occurs at [3] 7, = 2/9 such that

MbIN = §EA(T) =355 (1 - To/T*) 1. ®

Experimentally, £(7;;) ~ 20§, ~ 600 &, & ~ 2000/47 & ~ 159 & and hence a ~ 1.6,
Using the polarization tensors e (g) of helicity m *2,

e @=Ll =@, €Y@=Vl + @) =~ Q@) =VAT (53, - 354p),
where [, = (l; + ilczy)/\/Z— is 2 complex vector transverse to ¢, with /1, 12, g being unit vectors forming a positively

oriented triped, we may expand the order parameter in a periodic texture as

@ =2 M 3y, ig-
o s @y explig-x) +cc., @)

where ¢ are the momenta of the reciprocal lattice. In the bec case under consideration,
q= (QO/\/ij (”1 sy n3) = (qO/\/Z_)n s

where ny 5 3 are integers with 2;":1;11- = even. Inserting (7) into the free energy, this may be written as

7=l + 20+ 20r 3w GBER)P12 + [+ 201~ 1/4ry) + 20 /[T2Imlagty, 11272 lgDP?

+[r+2a(/1721nlqpt, F1)*]110EP1%) + V() ®)

where we have changed the subscripts a to # and collected all cubic and quartic terms in V(p). Here ry, Fq are given
in terms of the ratio of the elastic constants b and ¢

rg=1+3c/b=3(y—1), r;=1+e/2b=(K+Ky)2K, =Ky +K33)/2K, . (9)

-On the right-hand side we have introduced the standard Frank constants since those can be found tabulated for
many materials on the basis of data from Rayleigh scattering. For instance in MBBA or PAA near 25°C we have
Kgp ~(6,4,7.5)0r (4.5,2.9,9.5) X 10~7 dyne, such that (rg>r1) =(1.92, 1.69) or (2.88, 2.41), respectively,
The free energy has to be minimized at every fixed temperature 7 and cholestericity & with respect to variations
in cp,(lm) and in the basic wave number g determining the wavelength of the lowest Bragg reflex (1,1, 0). The

* 2In terms of the spin matrix §, the egg) satisfy
(S)agefy @ = ~icagsse i@ + (@ m) =meTG) .
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important point is now that g only appears in the terms written down explicitly in (8). Thus we can directly mini-
mize f with respect to g and obtain

ko Zan (g2 12 4 16521P) + (1 + e V1) +role ] 3,n24,
%  Z,V20n[(eP12 = 1l P12 +3(eD12— (o DI12)] Z,VZnBy,

(10)

In the purely cholesteric phase there is only a single wave with 4o ¥ 0, namely (2 = 0, and we obtain the usual
result kp/q, =1, i.e. the wavelength of the reflected light is given by the pitch of the helix. In general, however, the
wavelength is larger than that since #2 >+/2|n| and experimentally ry,ry > 1 .

We may bring the expression to a more useful form by observing that, from symmetry arguments, wﬁlm) must be
the same for equal |n, |, In,yl, [n3] and their 6 permutations. Altogether there are, for ny =>ny 2n4 20,

Ty =48/2V0N 0! (11)

combinations where N, is the number of vanishing and N,_,,qu that of equal values of |n;|: 1119 =12, 1999 = 6,
M0 = 12,1911 = 24, ... Thus we may write

1
kn _ Znymnyon 3 11y Ay _ Auot At 44yt 6Agy t .-
9 Zy 5n,5n, wV2INIM,B,  Biig+V12Byog+ 2Byyg + 2838y + ..

The amplitudes ¢,(,m) are mostly measurable in light scattering at Bragg angles. In single reflexes, three amplitudes
are directly accessible via the intensities

fdw Iyy =310 Q156 - /16002,

(12)

fdeHV =%7Tw(2)ﬂ [3 sin2 30 Igo(z)lz + 5 cos? %6 le®2] , (13)

Jdo Iy =310 15 5in 16 @ ++/1/6(1+ cos2 36) @12 ,

if ¢ and ¢(@ are relatively real or imaginary. Here 0 is the scattering angle with sin 30 = (47/q,) {nl/n/Z, the sub-
scripts V, H denote the polarizations of initial and final photons with respect to the scattering plane (V = vertical,
~ H = horizontal), and £ is the sample volume. In these formulas we have neglected ¢(—1), ¢(~2) since their contribu-
tions should be suppressed due to their higher quadratic coefficients in (8). At the same level of approximation we
may include only the (1, 1, 0), (2, 0, 0), and (2, 2, 0) intensities, in the sum (12).

A resolution of other amplitudes (") requires the measurement of line intensities in double Bragg scattering
which will hopefully be performed in the near future.

The author is grateful to P. Crooker, H. Stegemeyer, W. Helfrich, and W. Theis for useful discussions.
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