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We want to point out the existence of linelike defects in pion condensates and develop
their disorder field theory as a basis for studying fluctuation phenomena and phase
transitions.

There is no doubt that fluctuations cause important qualitative changes to mean-
field results on pion condensates as a consequence of the Landau-Peierls theorem (1:2).
Rough estimates were first undertaken, in analogy with similar work on cholesteric
liquid crystals (), by DYuGAEV (%) and revived recently (°). Their convincingness was,
however, limited due to the use of selective sums of Feynman diagrams in a regime
where each term diverges. These difficulties were absent in an independent investigation
by the author (%) who used the well-known trick of idealizing nature to contain infinitely
many «isospin » symmetric pions in which case there is an exact solution to the fluctua-
tion problem. In this slightly unphysical scenario it was possible to prove that for a
mean-field behaviour of the energy w~ (|q] — ¢,)?+ 1 — g/g, in the neighbourhood of
g~ Qy, 0 ~ @, no condensate could form in a second-order phase transition. Moreover,
it was noticed that the N — co limit could not be essential to the argument, since for
normal charged pions there is an exact inequality leading to the same conclusion (7),
albeit in another slightly unphysical idealization that pions are nonrelativistic. Con-
vinced by these arguments from two directions it was concluded that either the transi-
tion must be of first order (as imagined in an initial work along quite different lines ®),
or there must be a continuous transition of the Berezinskii-Kosterlitz-Thouless type (°)
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in which the condensate has only pseudo—long-range order characterized by « stiffness »
to field bending a phenomenon well known in films of superfluid ‘He and smectic liquid
crystals (1%). This suggestion was taken up and studied in detail by BayMm et al. (1)
who calculated the typical algebraic long-range behaviour of correlation functions.
In this note we shall use the analogy further by demonstrating the existence and physical
relevance of linelike defects in the pion condensate,

For simplicity we restrict ourselves to thermal fluctuations and consider only #*-fields.

Suppose the mean field condenses at ¢ — q,. Then the relevant g~ ¢, fluctuations
are described by a partition function Z =[x @n+exp [— (1/T)F] with a free energy
funetional

M Flr] = § [0l — 2630l + gllaft — [al2} + Fyl]

Freezing out the massive size fluctuations in [z]| we can reparametrize

(2) 7 = VBexp[i(gt + ¢x))]

and find the bending energy (*»'%) (setting 12 = 4¢3)

B
3) F= Efd%{(azqv)z + 2281 9)%}

From (2) we can see that ¢ and ¢ 4 2zn are indistinguishable such that in any given
plane ¢(x) may have point singularities, around which

(4) 3§d(p — §dli8i(p = 2an, =1, +2..,

just as the magnetic potential ¢ with H,= 9,9 and §dii 0;¢ = I in the presence
of current loops. In three dimensions, these points trace out closed lines, These lines
have long-range interactions due to the exchange of soft fluctuations of the phase ¢(x).
Of course, the singularity is actually smoothed out as soon as variations of |z(x)| are
permitted. This will be taken into account by attributing to each line element a finite
core energy . The |z(x)| effects will also cause short-range repulsion, since the energy of a
line grows quadratically in «.

We shall now use the method of duality transformations (1) to reformulate the par-
tition function of the pion condensate as a grand-canonical ensemble of defect lines in
which the long-range (« elastic ») and the short-range (« steric ») interactions are properly
taken into account.

For this we first redefine the energy (3) on a lattice. Let x be the points on a simple
cubic lattice and ¢ be the oriented links in the £, §, and 2 directions, Then

Vip(x) = g(x + i) —p(x), V.= plx) — plx —i)
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are the lattice derivatives and (3) is the @ — 0 limit of the energy
ab
(5) F =22V + 2(V.(Vi9)* + 2(V.(V29))} .

In this form it is trivial to include the defects. They arise if the difference between neigh-
bouring ¢’s have jump by 2zn with arbitrary integer n = + 1, + 2,.... This brings us
to the alternative partition function (%) (1= T = temperature)

.1

©  z2-T1[%" Tow [— O (LR

27 {pya}

- 4

+ j-2(v.|.(v1‘{0 — 27my) )ZAZ(VJ.(VZ(p — 2qn,) )2]] s

which- may be used instead of the original one.
Introducing an auxiliary field b, this may be rewritten as

1 *
25aB (b5 — A72by(V -V ,)72b; —

Fag(x) [ dby(x)
7 Z= 278aB B
(7) I}_J‘ 2% J/27paB {m%nex [ *

- A_zbZ(V*_L‘ V. )71by) + iby(V,9 — 27”%)]} .

Performing the sums over n,(x) the b,-fields are squeezed to integer values (recall
> exp [2zivm] = 3 6(r —mn)) and integrating out the ¢(x)’s gives the constraint

m n

V.;b; = 0. Thus b, is like an integer magnetic field and we can introduce a vector poten-

tial @, via b = (V xa), imposing the gauge condition V,a, = 0, for convenience.
This gives

_ da,(x) 1 L . _{(i _
S RS SNEE S

- 6(V.,.a)) 2} 8y, 1,2,0 XD [2::7)2 Z,-(x)a,-(x)] .

{lg(x)

where the sum over I,(x) makes sure that only integer values of a,(x) are really con-
tributing and dy,;, , is a consequence of the gauge invariance of (7). The symbols K?
denote the lattice versions of ki, namely K} = 2(1 — cos ak,)/a?, K% = K2 - K2.

The sum over I; can be interpreted physically as the grand eanonical partition func-
tion of an arbitrary number of closed defect loops coupled minimally to a vector poten-
tial with a somewhat unusual energy.

There is a simple way of summing these loops based on the fact that the vacuum
diagrams of a complex fluctuating field y(x) represents a complete sum of random
loops of precisely those configurations which are pictured in these diagrams (16), This
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Berlin preprint, Dez. 1981, Phys, Letf, 4 (in press). See also Gauge theory of dislocated solides, in press
to Phys. Leit. 4.
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leads to the new field-theoretic form of Z (17)

1 [ d3k
9 VA zf@A(x)Qw(x) Dyt(x) exp [— f-l’—fw [}.—2 |A4(K)|2 +

2
+ (ki I k—z) !Al(k)P” 5(8, A,) oxp lm f d%[ (ai—-q: 2 vE A,.).p’2+
AE? T

+ maypr+ 2 |w14”,

where we have returned to continuum notation, rescaled a,= (Va?B/T)4; and
inserted a quartic term to account for the steric repulsion discussed before. The mass
term consists of a core energy minus an entropy per link m?= (1/7T)(e— 2D log 2DT),
where D ig the space dimension. The field ¢ describes disorder and this manifests itself
in the mass term changing sign above a critical temperature T, = e/2Dlog? D, There
defect lines proliferate destroying the pseudo-long-range order in the condensate.

It should be remarked that defect lines can form networks thus giving rise to three-
dimensional periodic structures. These have been observed in golids (1%) and cholesteric
liquid crystals (1°) and are, of course, the dual analogues of the periodic mean-field
solutions with three-dimensional latticelike condensates (29).
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