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Summary. — We explicitly perform the infinitely many integrations in the path
integral of an arbitrary time-dependent quantum-mechanical fluctuation problem
whose Schrodinger equation is solvable,

Some time ago, an explicit solution has been found for the path infegral of the
Coulomb problem (1) and this has led to a renewed interest in quantum-mechanical
path integrals (2-%). In this note we show, as a pedagogical exercise, how to perform
the path integral associated with any solvable Schrodinger equation

(1) H(—18, =, {)y(x, 1) = 10, 9(x, 1) ,

where the Hamiltonian may be time dependent.
The quantum-mechanical transition amplitude to be calculated is

23

(2) (%5, ty|x4, t2) = | D2 2(t) 2°p) exp |7 jdt[ pa— H( 9]
by UpiXas bg) = (27)3 P P P, %, .

ta

This formal expression is defined, as usual, by grating the time axis into an infinitesi-
mally narrow lattice {,=mne-t+t;,, n=0,1,., N+ 1 with {,=1,, iy, =1, setting
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x(t,) =x,, p(tn)=Pn» %= Xz, Xy = &y, and performing the product of integrals

Dp(t) d*p,\ [ dpi4r
(2)° UU f(zn )f (2m)* ’

which become infinitely many in the limit ¢—>0, N = (f,—1¢,)/e — 1> co.

The corresponding grated version of the action may require ordering prescriptions
between p, and z,’s, for example, px? can be p,22, Pa%i_s, Pp¥n— ¥y, OT @ combination
of these.

It will be convenient to consider time and energy as fluctuating variables. The
corresponding paths may be parameoctrized as x(s), p(s), 1(s), E(s). Then we can re-
write (2) as

(3) Da(t)

(4) (xb’ tb[xata) =fdsbf(x(sb))(xbtb’ sblxatas 8,,) 4

where

(5) (xbtb’ Sb]xatasa) =

L1

_ | gage) Z2008) ,
= z(8) 27 exp || ds{p(s)a'(s) — E(s)t'(s) — f(x(s)) [H(p(s) x(s), t(s)) ()1}

Sa

is the amplitude that a particle moves from x,?, to x,¢, in the parameter interval
s,—38,. The path integral 2'x(2*p/(2n)*) is defined as ZPw(2%p/(2n)*) DHDE/27)
with a grated s-axis, in complete analogy with (3).

The function f(x) is completely arbitrary (*; and may be chosen later to simplify
the problem.

Equation (4) is verified as follows: First one integrates out 2E(s) which leads to
a d.functional in ¢'— f(x) such that Zi(s) can be performed trivially. By watching
out for the grated variables, eq. (5) becomes

(6) (xbtbs sb]xata’ 8a =

st fs) e o i - ]

8a

Integrating this over [ds, with f(x(s,)) as a factor removes the d-function such that

Sa
the action is the same as in (2). In addition, this leads to the correct path-dependent
relations between t,,t, and s,—s,. Explicitly, eq. (5) amounts to the following
infinite product of integrals:

(7) (xbtb’ sblxatu’ 8 )N—»oo

Nfoon (fdaknfdtn)(xbtb’ sblthN’ SN)(thNa SN[xN—ltN—l’ S.N—l) (xltls Sllxatas Sa)

n=1
with
(8)  (%ntns Sal%umalumt 8ma) =
dp,,
f wf o XD [H{ (00— %y) — Bults— tua) — ef (%) [H(Pus 2n 1) — Eu1}),

(*) A possible p-dependence has been omitted, for brevity’s sake.
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where the end points xy. = 2, Iyt =1, Xg= %, tp=1, are kept fixed. The expo-
nential factor can be removed from each factor and (8) takes the form

(9 (xn tns 8n|Xn—1ta— su—l) Ry

; a(t.® i) [E 4 By
2] _Eﬂxa) Tb‘a‘x_n, Xns by —""5& (27)° Eexp "’{Pu(xn_xn'—l)_ n(n_ n—l)}]

in which the d%p,dE, integrals simply give é-functions

(10) 6(3)(-”»_ Xp-1) 6(tn_'tn—1) ’
such that

N
(11) (xbtb! sblxatasa) ol l—[(fdsmnfdtn)'
n=1

N+1 1 @ o
: H {1 —isﬂxn) [H ('I' ~_ 2 Xns tn)'_'i‘"—']} 6(3)(:!”—— xn—l) 6(tn_tn-1) .

a=i i 0x, ot,

In order to integrate out the remaining infinitely many variables x, and {,, it is useful
to expand the d-functions in a factorized form in terms of a complete set of orthonormal
functions

(12) 6(3)(-”1;_ x'n—l) 6(tn— tn—l) = Z V’d,.(xntn) 'P;,.(xn—ltﬂ—l) .

K

Then each integral involves expressions

(13) - f &z, f By V% (% tass) Vo (Fnla) e

FEYY: RNy 7 T

which simply reduce to ¥, independent of the specific choice of the set ws(x1).

&n
Of particular advantage is a choice which diagonalizes the differential operator
(19 ) |[2(3 2, 1) —i 2| patat) = eaputat
f(x iax’x’ @Bt Yalat) = eaPalxt) .
Then (11) becomes

(15) (xb tb’ sb[xa ta’ 3a) ﬁ (j‘dswn"‘dtn) ﬁl Z [1 - 7:880',”] !,U(x“(x,, t”) W:n(xn—l tﬂ"l) .

ne=l n=1 &pn
Using the property (13) all intermediate integrals can be trivially done and we arrive at

(16) Z (1 —dgey)¥+? 'I’a(xbtb)'l’;(xata) .
P

In the continuum limit this reduces to

(17) (%bt55 8s]%atss 85) = 2. XD [—iea(8,— 85)]¥a(%1) MER AN

*
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Now we can perform the integral fdsb in (4) and find the desired propagator

Sa

(18) (xb’ tblxa’ tﬂ) = Z“—S wtx(xbtb)wrx(xata) .

In the frequent case that H corresponds to a solvable time-independent Schrédinger
equation, f(x) can be chosen as f(x)=1 and equation (14) separates such that it is
solved by a factorized ansatz w,(x) exp [—iEt] with v,(x) obeying

i0
(19) H(T = x) Po(x) = Eyypp(x) .
1 Ox

Then e¢4= E,— E and (18) reduces to the well-known form

{20) (xbr ty| x4, t Zf o m exp [— @.E(tb"_ta)}wl'(xb)w:(xa) =
= 0(t,—1,) > exp [— i(t,—1,) Twu(2,) ) (%) «

In the case of the H atom, the choice f(a) = » is the best and leads to the four-dimen-
gional oscillator wave functions y,(x,t).

Of course, what we have done is nothing but give another proof of the equivalence
of path integrals and Schrédinger equations for the time-dependent case in a way which
explicitly performs all the intermediate integration.

% & k
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